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Abstract: For further investigating the underlying structures of the D = 3,N = 4 Chern-
Simons-matter (CSM) theories, we suggest a new concept and procedure for “fusing” two
superalgebras into a single new superalgebra. The starting superalgebras may be those
used in the previous construction of the double-symplectic 3-algebras in the N = 4 CSM
theories: The bosonic parts of these two superalgebras share at least one simple factor or
U(1) factor. We are able to provide two different methods to do the “fusion”. Several
explicit examples are presented to demonstrate the “fusion” procedure. We also generalize
the “fusion” procedure so that more than two superaglebras can be fused into a single one,
provided some conditions are satisfied. It is shown that two or more N = 4 theories with
different gauge groups may be associated with the same “fused” superalgebra.
Keywords: Fusion, Superalgebras, Symplectic 3-Algebras, Chern-Simons-matter
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1. Introduction
In the recent years, the constructions of D = 3, N ≥ 4 superconformal Chern-Simons-
matter (CSM) theories have attracted lots of attention, because these theories are conjec-
tured to be the dual gauge theories of multiple M2-branes [1]−[15]. It has been demon-
strated that general Chern-Simons gauge theories with (or without) matter are conformally
invariant at the quantum level [17, 18, 19, 20, 21]. After incorporating the extended super-
symmetries into the CSM theories, these theories become extended superconformal CSM
theories, and we expect that they are also conformally invariant at the quantum level.
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The authors have been able to construct the N = 4 quiver gauge theory in terms of the
double-symplectic 3-algebra or the N = 4 three-algebra1[12, 13]. (The double-symplectic
3-algebra is reviewed in Appendix A.) The double-symplectic 3-algebra consists of two
sub symplectic 3-algebras. Denoting the generators of the two sub 3-algebras as Ta and
Ta′ (a = 1, · · · , 2R and a′ = 1, · · · , 2S), respectively, then the generators of the double-
symplectic 3-algebras are the disjoint union of the two sets of generators Ta and Ta′ . The
untwisted multiplet ΦA and the twisted multiplet Φ
′
A˙
of theory take values in these two
sub 3-algebras, respectively, i.e. ΦA = Φ
a
ATa and Φ
′
A˙
= Φa
′
A˙
Ta′ . Here A = 1, 2 and A˙ = 1, 2
are fundamental indices of the SU(2) × SU(2) R-symmetry group. The N = 4 action
can be built up by gauging part of the full symmetry generated by the double-symplectic
3-algebra.
Recently, using two superalgebras G and G′ whose bosonic parts share at least one
simple factor or one U(1) factor to construct the two sub symplectic 3-algebras, the authors
have been able to derive several classes N = 4 theories with new gauge groups and recover
all known N = 4 theories derived from ordinary Lie (2-)algebra approach as well [13]. (The
general forms of G and G′ are presented in Appendix B.)
In this paper we will propose the concept of “fusing” two superalgebras G and G′
into a single closed superalgebra, which is not a direct product of G and G′, and will
present two different methods to carry out the fusion procedure. Of course, one of the
motivations is that the resulting superalgebra would be useful, or at least helpful, for further
investigating the underlying structures of the N = 4 CSM theories, hopefully because of the
known close relationship between the superalgebras and the double-symplectic 3-algebras
in the N = 4 CSM theories [13]. Also, the concept of fusing two superalgebras into a
closed superalgebra and the problem of classifying these “fused” superalgebras may be
mathematically interesting.
More concretely, if we identify the generators of the two sub 3-algebras Ta and Ta′ with
the fermionic generators of the two superalgebras Qa and Qa′ , respectively,
Ta
.
= Qa Ta′
.
= Qa′ , (1.1)
then one may construct the 3-brackets in terms of double graded commutators on the
superalgebras [13], for instances,
[Ta, Tb;Tc′ ]
.
= [{Qa, Qb}, Qc′ ], [Ta′ , Tb′ ;Tc] .= [{Qa′ , Qb′}, Qc]. (1.2)
Here Qa and Qa′ are the fermionic generators of the two superalgebras G and G
′, respec-
tively; the double graded commutator [{Qa, Qb}, Qc′ ] is defined by an anticommutator and
a commutator. In order that the theory is physically interesting, we must require that there
are nontrivial interactions between the twisted and untwisted multiplets; mathematically,
we must require that
[Ta, Tb;Tc′ ] 6= 0, [Ta′ , Tb′ ;Tc] 6= 0. (1.3)
1The N = 4 three-algebra is obtained from the double-symplectic 3-algebra by a “contraction”: the two
structure constants fab′cd′ and fa′bc′d are set to vanish, while the rest four structure constants remain the
same [12, 13]. However, in this paper we focus on the double-symplectic 3-algebra approach.
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Taking account of (1.2), one is led to
[{Qa, Qb}, Qc′ ] 6= 0, [{Qa′ , Qb′}, Qc] 6= 0. (1.4)
It has been proved that Eqs (1.4) can be satisfied if the bosonic parts of G and G′ share
at least one simple factor or one U(1) factor, provided that the common part of bosonic
parts of G and G′ is not a center of G and G′ [5, 13]. The first equation of (1.4) implies
that there must be a nontrivial anticommutator between Qa and Qc′ in the sense that
{Qa, Qc′} 6= 0, (1.5)
provided that the QaQbQc′ Jacobi identity is obeyed :
[{Qa, Qb}, Qc′ ] + [{Qa, Qc′}, Qb] + [{Qc′ , Qb}, Qa] = 0. (1.6)
Actually, if {Qa, Qc′} = 0, the last two terms of the RHS of (1.6) vanish. As a result, one
must have [{Qa, Qb}, Qc′ ] = 0, which contradicts the first equation of Eq. (1.4). We are
led to Eq. (1.5) again if we combine the second equation of (1.4) and the Qa′Qb′Qc Jacobi
identity. For some special cases, one can show that the anticommutator (1.5) does not
vanish by calculating it directly (Eqs. (2.28) and (3.9) are two examples).
On the other hand, according to the basic idea of supersymmetry, an anticommutator
of two fermionic generators gives a linear combination of bosonic generators. It is therefore
natural to introduce a set of bosonic generators Mu˜ defined by
{Qa, Qc′} = tu˜ac′Mu˜, (1.7)
where tu˜ac′ are structure constants. Having defined (1.7), if we also define [Mu˜,Mv˜ ] and
every commutator of Mu˜ and any generator of G and G
′ properly, so that every Jacobi
identity of the “total” superalgebra consisting of Mu˜ and all generators of G and G
′ is
obeyed, we say that G and G′ have been “fused” into a single superalgebra which is closed.
Note that one needs only to introduce the set of new bosonic generatorsMu˜ into the system
for the purpose of fusion; in particular, one does not have to introduce any new fermionic
generator into the system.
We demonstrate that if both G and G′ are orthosymplectic or unitary superalgebras,
and their bosonic parts of G and G′ share at least one simple factor or U(1) factor, we can
fuse them into a single superalgebra by using two distinct methods. Some explicit examples
are presented to demonstrate how to construct this class of superalgebras by fusing two
superalgebras. For example, we can fuse U(N1|N2) and U(N2|N3) into a single superalgbra
U(N2|N1 + N3). Here the common bosonic part of U(N1|N2) and U(N2|N3) is U(N2).
Conversely, we can use the sub-superalgebras U(N1|N2) and U(N2|N3) of U(N2|N1 +N3)
to construct the 3-algebra in the N = 4 theory, providing the bosonic parts of the two
sub-superalgebras share one common factor U(N2).
We are able to work out the general structure of the “fused” superalgebras by adding
several new graded commutators into the two superalgebras G and G′. We also generalize
our fusion procedure by showing that three or more superalgebras can be fused into a single
superalgebra by introducing more bosonic generators (analogy to Mu˜ in (1.7)).
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The fusion procedure can be also generalized in another direction: by adding some
fermionic generators into the system. We will call this procedure a fermionic fusion if
one needs to introduce at least a set of new fermionic generators (except for new bosonic
generators) for fusing two or more superalgebras into a single one (see Sec. 4.2).
We demonstrate that two or more theories with different gauge groups can be associ-
ated with the same “fused” superalgebra.
This paper is organized as follows. In section 2 and section 3, we present some explicit
examples of the new superalgebra fused by two superalgebras. The general structure of
the new superalgebra is worked out in section 4, and some examples for fusing three or
more superalgebras into a single one are given as well. We end section 5 with conclusions
and discussions. Several appendices are attached to make the paper more self-contained.
In Appendixes A and B, we review the N = 4 theories based on the 3-algebras and the
superalgebra realization of 3-brackets and fundamental identities (FIs), respectively. We
summarize our conventions in Appendix C. The commutation relations of some superal-
gebras used to construct symplectic 3-algebras are given in Appendix D.
2. Fusing Two Orthosympelctic Superalgebras
As we explained in Section 1, it is possible to fuse two superalgebras whose bosonic parts
share at least one simple factor or U(1) factor. In this section, we demonstrate how to
“fuse” a pair of orthosympelctic superalgebras into a single superalgebra by presenting two
explicit examples.
2.1 Sp(2N1)× SO(N2)× Sp(2N3) Gauge Group
Here we choose the two superalgebras as G = OSp(N2|2N1) and G′ = OSp(N2|2N3). (The
commutation relations of OSp(M |2N) are given by Appendix D.2.) Namely the bosonic
parts of the two superalgebras share one simple factor SO(N2). We denote the fermionic
generators and the antisymmetric tensor of OSp(N2|2N1) as
Qa = Qi¯ˆi and ωab = ωi¯ˆi,j¯jˆ = δ¯ij¯ωiˆjˆ, (2.1)
where i¯ = 1, · · · , N2 is an SO(N2) fundamental index, and iˆ = 1, · · · , 2N1 an Sp(2N1)
fundamental index. For convenience, we cite the commutation relations of OSp(N2|2N1)
here
[Mi¯j¯,Mk¯l¯] = δj¯k¯Mi¯l¯ − δ¯ik¯Mj¯l¯ + δ¯il¯Mj¯k¯ − δj¯ l¯Mi¯k¯,
[Miˆjˆ,Mkˆlˆ] = ωjˆkˆMiˆlˆ + ωiˆkˆMjˆ lˆ + ωiˆlˆMjˆkˆ + ωjˆlˆMiˆkˆ,
[Mi¯j¯, Qk¯kˆ] = δj¯k¯Qi¯kˆ − δ¯ik¯Qj¯kˆ,
[Miˆjˆ, Qk¯kˆ] = ωjˆkˆQk¯iˆ + ωiˆkˆQk¯jˆ ,
[Qi¯ˆi, Qj¯jˆ ] = k(ωiˆjˆMi¯j¯ + δ¯ij¯Miˆjˆ), (2.2)
Similarly, we denote the fermionic generators and the antisymmetric tensor of OSp(N2|2N3)
as
Qa′ = Qi¯i′ and ωa′b′ = ωi¯i′,j¯j′ = δ¯ij¯ωi′j′ . (2.3)
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where i′ = 1, · · · , 2N3 is an Sp(2N3) fundamental index, which is independent of iˆ in the
sense that
[Mi′j′ , Qi¯ˆi] = 0 and [Miˆjˆ , Qi¯i′ ] = 0. (2.4)
Eqs. (2.4) are explicit examples of (B.13). The super Lie algebra OSp(N2|2N3) has similar
expressions as that of (2.2).
To construct the corresponding N = 4 theory, we can calculate the double graded
commutator
[{Qa, Qb}, Qc′ ] = fabc′d′Qd′ (2.5)
and read off the structure constants from the right hand side. Using (2.2), we obtain
[{Qi¯ˆi, Qj¯ jˆ}, Qk¯k′ ] = kωiˆjˆ(δj¯k¯Qi¯k′ − δ¯ik¯Qj¯k′). (2.6)
It is not difficult to read off the structure constants fabc′d′ :
fabc′d′ = fi¯ˆi,j¯jˆ,k¯k′,l¯l′ = kωiˆjˆωk′l′(δ¯ik¯δj¯ l¯ − δ¯il¯δj¯k¯). (2.7)
Similarly, one can calculate fabcd by using [{Qa, Qb}, Qc] = fabcdQd. A short calculation
gives
fabcd = fi¯ˆi,j¯jˆ,k¯kˆ,l¯lˆ = k[(δ¯ik¯δj¯ l¯ − δ¯il¯δj¯k¯)ωiˆjˆωkˆlˆ − δ¯ij¯δk¯l¯(ωiˆkˆωjˆlˆ + ωiˆlˆωjˆkˆ)]. (2.8)
And fa′b′c′d′ have a similar expression:
fa′b′c′d′ = fi¯i′,j¯j′,k¯k′,l¯l′ = k[(δ¯ik¯δj¯ l¯ − δ¯il¯δj¯k¯)ωi′j′ωk′l′ − δ¯ij¯δk¯l¯(ωi′k′ωj′l′ + ωi′l′ωj′k′)]. (2.9)
Alternatively, one can read off kuv and τ
u
ab from (2.2) by comparing (2.2) with (B.1)
as well as (B.11). For instance,
(τm¯n¯)¯iˆi,j¯jˆ = ωiˆjˆ(δm¯i¯δn¯j¯ − δm¯j¯δn¯i¯), (2.10)
km¯n¯,p¯q¯ =
k
4
(δm¯p¯δn¯q¯ − δm¯q¯δn¯p¯). (2.11)
Similarly, we have
(τp¯q¯)k¯k′,l¯l′ = ωk′l′(δp¯k¯δq¯l¯ − δp¯l¯δq¯k¯). (2.12)
Combining Eqs. (2.10)−(2.12) gives (2.7):
fabc′d′ = kghτ
g
abτ
h
c′d′ = k
m¯n¯,p¯q¯(τm¯n¯)¯iˆi,j¯jˆ(τp¯q¯)k¯k′,l¯l′ = fi¯ˆi,j¯jˆ,k¯k′,l¯l′ = kωiˆjˆωk′l′(δ¯ik¯δj¯ l¯ − δ¯il¯δj¯k¯).
(2.13)
In this way, one can also calculate fabcd = kuvτ
u
abτ
v
cd and fa′b′c′d′ = ku′v′τ
u′
a′b′τ
v′
c′d′ ; they are
the same as (2.8) and (2.9), respectively.
Eqs. (2.7)−(2.9) satisfy the symmetry conditions (A.23), the reality conditions (A.24)
and the FIs (A.14). Eqs. (2.8) and (2.9) also satisfy the constraint equations (A.25).
Substituting Eqs. (2.7)−(2.9) into (A.29) and (A.31) gives the N = 4 CSM theory with
gauge group Sp(2N1)×SO(N2)×Sp(2N3), which was first constructed in Ref. [5] by using
an ordinary Lie algebra approach.
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2.2 Fusing OSp(N2|2N1) and OSp(N2|2N3) into OSp(N2|2(N1 +N3))
In this section we investigate the two superalgebras OSp(N2|2N1) and OSp(N2|2N3) fur-
ther. We demonstrate that they can be “fused” into a single closed superalgebra by using
two distinct methods. Finally we prove that the “fused” superalgebra is nothing but
OSp(N2|2(N1 +N3)).
Here the essential observation is that the anti-commutator of Qa and Qb′ cannot vanish,
i.e.
{Qa, Qb′} = {Qi¯ˆi, Qj¯j′} 6= 0 (2.14)
provided that the QaQb′Qc′ (Qi¯ˆiQj¯j′Qk¯k′) Jacobi identity is obeyed. Actually, if {Qi¯ˆi, Qj¯j′} =
0, then the Qi¯ˆiQj¯j′Qk¯k′ Jacobi identity
[{Qi¯ˆi, Qj¯j′}, Qk¯k′ ] + [{Qi¯ˆi, Qk¯k′}, Qj¯j′ ] + [{Qk¯k′ , Qj¯j′}, Qi¯ˆi] = 0 (2.15)
implies that
[Mj¯k¯, Qi¯ˆi] = 0, (2.16)
which is contradictory with the third equation of (2.2). So (2.14) must hold. According to
the fundamental idea of supersymmetry, the anti-commutator of two fermionic generators
must be a linear combination of bosonic generators. On the other hand, since iˆ and j′ are
independent indices, it is natural to define
{Qi¯ˆi, Qj¯j′} = kδ¯ij¯Miˆj′ , [Miˆjˆ, Qk¯l′ ] = [Mi′j′ , Qk¯lˆ] = 0,
[Miˆi′ , Qj¯j′ ] = ωi′j′Qj¯iˆ, [Miˆi′ , Qj¯jˆ ] = ωiˆjˆQj¯i′ . (2.17)
In the first equation, we have introduced a set of new bosonic generators Miˆj′ . So the
first equation of (2.17) is an explicit example of (1.7). Using (2.17), it is easy to verify
that the Qi¯ˆiQj¯j′Qk¯k′ Jacobi identity and the Qi¯ˆiQj¯jˆQk¯k′ Jacobi identity are obeyed. One
can also define all other possible commutators involving Miˆj′ , i.e. [Miˆi′ ,Mjˆj′ ], [Miˆjˆ ,Mkˆk′ ]
and [Mi′j′ ,Mkˆk′ ], by requiring that the corresponding Jacobi identities are obeyed. For
example, consider the Miˆi′Qjˆj′Qkˆk′ Jacobi identity
[Miˆi′ , {Qj¯ jˆ, Qk¯k′}]− {Qj¯jˆ , [Miˆi′ , Qk¯k′ ]} − {Qk¯k′ , [Miˆi′ , Qj¯ jˆ]} = 0. (2.18)
A short calculation gives
[Miˆi′ ,Mjˆk′ ] = ωi′k′Miˆjˆ + ωiˆjˆMi′k′ . (2.19)
It can be seen that the commutator of two new generators gives rise an Sp(2N1) generator
Miˆjˆ of G and an Sp(2N3) generator Mi′k′ of G
′. The structure constants of the commuta-
tor (2.19) furnish a fundamental representation of Miˆjˆ and a fundamental representation
of Mi′k′ . Similarly, the commutator [Miˆjˆ ,Mkˆk′ ], determined by the MiˆjˆQk¯kˆQj¯k′ Jacobi
identity, is given by
[Miˆjˆ ,Mkˆk′ ] = ωjˆkˆMiˆk′ + ωiˆkˆMjˆk′ . (2.20)
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The structure constants of the above commutator furnish a fundamental representation of
Miˆjˆ. Finally the Mi′j′Qk¯kˆQj¯k′ Jacobi identity gives
[Mi′j′ ,Mkˆk′ ] = ωj′k′Mkˆi′ + ωi′k′Mkˆj′ . (2.21)
It can be seen that M
kˆk′
provide a fundamental representation of Mi′j′ .
It is not difficult (though a little tedious) to verify that every Jacobi identity of the “to-
tal” superalgebra consisting of Miˆj′ and all generators of OSp(N2|2N1) and OSp(N2|2N3)
is satisfied. So the five graded commutators in (2.17) must be the correct ones, and the
new superalgebra “fused” by OSp(N2|2N1) and OSp(N2|2N3) is closed. The commutation
relations of the “fused” superalgebra include (2.17), (2.19), (2.20), (2.21), and the commu-
tation relations of OSp(N2|2N1) and OSp(N2|2N3). These commutation relations suggest
that the “fused” superalgebra is simple, i.e. it has no proper invariant sub-superalgebra.
In this way, we have “fused” the two orthosymplectic superalgebras OSp(N2|2N1) and
OSp(N2|2N3) by solving the important Jacobi identities. We now want to provide an
alternative way to construct the “fused” superalgebra. The main idea is the following:
Using oscillators to realize OSp(N2|2N1) and OSp(N2|2N3) first, then all commutation
relations for fusing OSp(N2|2N1) and OSp(N2|2N3) can be determined straightforwardly
by using oscillator algebras.
To realize OSp(N2|2N1), we introduce a set of bosonic oscillators and a set of fermionic
oscillators as follows
[b¯i, b
j¯†] = δj¯
i¯
, [b¯i, bj¯ ] = [b
i¯†, bj¯†] = 0; (2.22)
{aiˆ, ajˆ†} = δjˆiˆ , {aiˆ, ajˆ} = {a
iˆ†, ajˆ†} = 0. (2.23)
Here i¯ = 1, . . . , N2 and iˆ = 1, . . . , 2N1. We use the invariant tensors δ¯ij¯ and ωiˆjˆ to lower
indices; for instance,
b
†
i¯
≡ δ¯ij¯bj¯†, and a†iˆ ≡ ωiˆjˆa
jˆ†. (2.24)
The generators of OSp(N2|2N1) can be constructed as follows
Qi¯ˆi =
√−k(aiˆb†i¯ + a
†
iˆ
b¯i), Mi¯j¯ = b
†
i¯
bj¯ − b†j¯ b¯i, Miˆjˆ = −(a
†
iˆ
ajˆ + a
†
jˆ
aiˆ). (2.25)
It is straightforward to verify that (2.25) satisfy the commutation relations of OSp(N2|2N1)
(2.2). Similarly, the generators of OSp(N2|2N3) can be constructed as follows
Qi¯i′ =
√−k(ci′b†i¯ + c
†
i′ b¯i), Mi¯j¯ = b
†
i¯
bj¯ − b†j¯ b¯i, Mi′j′ = −(c
†
i′cj′ + c
†
j′ci′), (2.26)
where b¯i and b
†
i¯
are the same as that of (2.22); ci′ and c
†
i′ ≡ ωi′j′cj
′† (i′ = 1, . . . , 2N3) are a
third independent set of oscillators, satisfying
{ci′ , cj′†} = δj
′
i′ , {ci′ , cj′} = {ci
′†, cj
′†} = 0. (2.27)
With (2.25) and (2.26), the anticommutator of Q
i¯ˆi
and Qj¯j′ is given by
{Qa, Qb′} = {Qi¯ˆi, Qj¯j′} = kδ¯ij¯(−c†j′aiˆ + cj′a†iˆ ). (2.28)
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Comparing it with the first equation of (2.17), we are led to define the set of new bosonic
generators Miˆj′ as
Miˆj′ = −c†j′aiˆ + cj′a†iˆ . (2.29)
Substituting the oscillator realizations (2.25), (2.26), and (2.29) into the commutation
relations (2.17), (2.19), (2.20), and (2.21), we find that they are exactly obeyed. Namely,
all the generators constructed in terms of oscillators obey exactly the same commutation
relations as before. It is therefore unnecessarily to verify the Jacobi identities. In this way,
we have constructed the closed superalgebra “fused” by OSp(N2|2N1) and OSp(N2|2N3)
in terms of three independent sets of oscillators. The advantage of the oscillator-realization
approach is that it shows explicitly that it is unavoidable to introduce the set of new
bosonic generators Miˆj′ (see (2.28) and (2.29)). Also, using oscillators one can construct
the commutation relations (2.17), (2.19), (2.20), and (2.21) without any guessing work.
Let us summarize the bosonic subalgebra of the “fused” superalgebra as follows:
[Mi¯j¯,Mk¯l¯] = δj¯k¯Mi¯l¯ − δ¯ik¯Mj¯l¯ + δ¯il¯Mj¯k¯ − δj¯ l¯Mi¯k¯,
[Miˆjˆ,Mkˆlˆ] = ωjˆkˆMiˆlˆ + ωiˆkˆMjˆ lˆ + ωiˆlˆMjˆkˆ + ωjˆlˆMiˆkˆ,
[Mi′j′ ,Mk′l′ ] = ωj′k′Mi′l′ + ωi′k′Mj′l′ + ωi′l′Mj′k′ + ωj′l′Mi′k′ ,
[Miˆi′ ,Mjˆk′ ] = ωi′k′Miˆjˆ + ωiˆjˆMi′k′ ,
[M
iˆjˆ
,M
kˆk′
] = ω
jˆkˆ
M
iˆk′
+ ω
iˆkˆ
M
jˆk′
,
[Mi′j′ ,Mkˆk′ ] = ωj′k′Mkˆi′ + ωi′k′Mkˆj′ . (2.30)
The other commutators vanish. The first 3 lines are the Lie algebras of SO(N2), Sp(2N1),
and Sp(2N3), respectively; the last 3 lines are the commutators involving the set of new
generators M
iˆi′
(see (2.19), (2.20), and (2.21)). So the bosonic part of the ‘fused’ superal-
gebra consists of four sets of generators
MU = (Miˆjˆ ,Mi¯j¯ ,Mi′j′ ,Miˆj′), (2.31)
in which we have selected only the first three sets of generators , namely
Mm = (Miˆjˆ,Mi¯j¯,Mi′j′), (2.32)
to construct the N = 4 CSM theory with gauge group Sp(2N1) × SO(N2) × Sp(2N3).
Notice that (2.32) is an example of (B.16).
It can be seen that the Lie algebra of SO(N2) (the first line of (2.30)), the com-
mon bosonic part of OSp(N2|2N1) and OSp(N2|2N3), is an invariant subalgebra of (2.30).
We now prove that the last five lines of (2.30) are actually the commutation relations of
Sp(2(N1 + N3)). Let us begin by considering the simplest case, i.e. N1 = N3 = 1. It is
convenient to define
Na = iσa†i
′ iˆMiˆi′ , and M
ab =
1
2
(σ¯abi
′j′Mi′j′ + σ
abˆijˆMiˆjˆ). (2.33)
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Here σa, σab and σ¯ab are defined as
σa = (σ1, σ2, σ3, iI), σa† = (σ1, σ2, σ3,−iI), (2.34)
σab =
1
4
(σaσb† − σbσa†), σ¯ab = 1
4
(σa†σb − σb†σa), (2.35)
where σi (i = 1, . . . , 3) are Pauli matrices and I is the 2 × 2 unit matrix. After some
algebraic steps, we convert the last five lines of (2.30) into the form
[Na, N b] = 4Mab,
[Mab,M cd] = δbcMad − δacM bd − δbdMac + δadM bc,
[Mab, N c] = δbcNa − δacN b. (2.36)
The second line is the familiar Lie algebra of SO(4). However, after combining the first
line and the last line, the algebra turns out to be the Lie algebra of SO(5). To see this,
define
Ma5 = −M5a = i
2
Na and M55 = 0. (2.37)
Now (2.36) can be recast into
[M ij ,Mkl] = δjkM il − δikM jl − δjlM ik + δilM jk, (2.38)
where i = 1, . . . , 5. Eq. (2.38) is nothing but the Lie algebra of SO(5).
Recall that the Lie algebra of SO(5) is isomorphic to that of Sp(4). So in the special
case of N1 = N3 = 1, the last five lines of (2.30) are indeed the commutation relations of
Sp(2(N1+N3)) = Sp(4), hence (2.30) is nothing but the Lie algebra of SO(N2)×Sp(4). On
the other hand, in Section 2.1, we have observed that the “fused” superalgebra is simple. A
superalgebra whose bosonic part is the Lie algebra of SO(N2)×Sp(4) must be OSp(N2|4).
This special case inspires us to guess that for general N1 and N3, the closed superalgebra
“fused” by OSp(N2|2N1) and OSp(N2|2N3) is nothing but OSp(N2|2(N1+N3)). To prove
it, we combine the fermionic generators Qi¯ˆi and Qi¯i′ as follows
Qi¯I =
(
Qi¯ˆi
Qi¯i′
)
= Qi¯ˆiδ1α +Qi¯i′δ2α, (2.39)
where I = 1, . . . , 2(N1 +N3) is a collective index; δ1α = (1, 0)
T and δ2α = (0, 1)
T are “spin
up” spinor and “spin down” spinor, respectively (they are not spacetime spinors).
In the oscillator realization, Eq. (2.39) takes the form
Qi¯I =
√−k(A†I b¯i +AIb†i¯ ), (2.40)
where we have combined the two independent sets fermionic oscillators as one set:
AI =
(
aiˆ
ci′
)
, AI† =
(
aiˆ†
ci
′†
)
, {AI , AJ†} = δJI , {AI , AJ} = {AI†, AJ†} = 0.
ωIJ =
(
ωiˆjˆ 0
0 ωi′j′
)
, A
†
I ≡ ωIJAJ†. (2.41)
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With the above collective notation, all anti-commutators of the “fused” superalgebra can
be summed up in the single one,
{Qi¯I , Qj¯J} = k(δ¯ij¯MIJ + ωIJMi¯j¯), (2.42)
where we have defined
MIJ = Miˆjˆδ1αδ1β +Miˆj′δ1αδ2β +Mjˆi′δ2αδ1β +Mi′j′δ2αδ2β , (2.43)
ωIJ = ωiˆjˆδ1αδ1β + ωi′j′δ2αδ2β. (2.44)
Eq. (2.44) is just the component formalism of ωIJ defined in (2.41). On the other hand, all
commutators between the bosonic generators and the fermionic generators are compacted
into two commutators:
[MIJ , Qk¯K ] = ωJKQk¯I + ωIKQk¯J ,
[Mi¯j¯ , Qk¯K ] = δj¯k¯Qi¯K − δ¯ik¯Qj¯K . (2.45)
With (2.43) and (2.44), after a lengthy algebra, the last five lines of (2.30) can be recast
into
[MIJ ,MKL] = ωJKMIL + ωIKMJL + ωJLMIK + ωILMJK , (2.46)
which is nothing but the Lie algebra of Sp(2(N1 + N3)). Together with the algebra of
SO(N2) (see the first commutator of (2.2)), (2.42), (2.45), and (2.46) are precisely the
commutation relations of OSp(N2|2(N1 + N3)). This completes the proof. Notice that
the bosonic subalgebra of OSp(N2|2(N1 +N3)) is the Lie algebra of SO(N2)× Sp(2(N1 +
N3)), while the Lie algebra of the gauge group is the Lie algebra of Sp(2N1)× SO(N2)×
Sp(2N3). Namely, we used only the bosonic part of OSp(N2|2N1) and the bosonic part
of OSp(N2|2N3), not the bosonic part of OSp(N2|2(N1 + N3)), to construct the physical
theory. The difference is precisely the difference between (2.31) and (2.32).
Notice that two or more theories with different gauge groups may be associated the
same “fused” superalgebra. For instance, if we select the bosonic parts of OSp(N2|2(N1 −
λ)) and OSp(N2|2(N3 + λ)) (λ = 0, . . . , N1 − 1), sharing the common factor SO(N2), as
the Lie algebra of the gauge group of the N = 4 theory, we will obtain different theories
(with different gauge groups) as λ runs from 0 to (N1 − 1). However, the corresponding
“fused” superalgebras are independent of λ, since(
OSp(N2|2(N1 − λ)) fusing OSp(N2|2(N3 + λ))
)
= OSp(N2|2(N1 − λ+N3 + λ)) = OSp(N2|2(N1 +N3)). (2.47)
2.3 Fusing OSp(N2|2N1) and OSp(N4|2N1) into OSp(N2 +N4|2N1)
In this section, we choose the superalgebras G and G′ as OSp(N2|2N1) and OSp(N4|2N1),
respectively. The common simple factor of their bosonic parts is the Lie algebra of Sp(2N1).
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The commutation relations of OSp(N2|2N1) are given by (2.2). We denote the fermionic
generators of OSp(N2|2N1) and OSp(N4|2N1) as
Qa = Qi¯ˆi and Qa′ = Qi′ iˆ, (2.48)
respectively. Here i¯ = 1, · · · , N2 is an SO(N2) fundamental index; iˆ = 1, · · · , 2N1 is an
Sp(2N1) fundamental index; i
′ = 1, · · · , N4 is an SO(N4) fundamental index. The structure
constants of the 3-algebra fabc′d′ are identified with the structure constants of the double
graded commutator on G and G′: [{Qa, Qb}, Qc′ ] = fabc′d′Qd′ . A short calculation gives
fabc′d′ = fi¯ˆi,j¯jˆ,k′kˆ,l′lˆ = −kδ¯ij¯δk′l′(ωiˆkˆωjˆlˆ + ωjˆkˆωiˆlˆ). (2.49)
Also, fabcd are given by (2.8) and fa′b′c′d′ have a similar expression as that of (2.8). Substi-
tuting these structure constants into the action (A.29) and the supersymmetry transforma-
tions (A.31) gives the N = 4 CSM theory with gauge group SO(N2)×Sp(2N1)×SO(N4).
This theory was first constructed in Ref. [5], using an ordinary Lie algebra approach.
To fuse the two superalgebras G and G′, we first use oscillators to realize them. The
oscillator realization of OSp(N2|2N1) is given by (2.22)−(2.25); and OSp(N4|2N1) has a
similar realization:
Qi′ iˆ =
√−k(aiˆd†i′ + a†iˆdi′), Mi′j′ = d
†
i′dj′ − d†j′di′ , Miˆjˆ = −(a†iˆajˆ + a
†
jˆ
aiˆ). (2.50)
where a
iˆ
and a†
iˆ
are the same as that of (2.23); di′ and d
†
i′ ≡ δi′j′dj
′† (i′ = 1, . . . , N4) are a
third independent set of oscillators, satisfying
[di′ , d
j′†] = δj
′
i′ , [di′ , dj′ ] = [d
i′†, dj
′†] = 0. (2.51)
With a little oscillator algebra, we obtain
{Qa, Qb′} = {Qi¯ˆi, Qj′jˆ} = kωiˆjˆMi¯j′, Mi¯j′ = b†i¯dj′ − b¯id
†
j′ . (2.52)
This provides another example for the assertion in Section 1 that if the bosonic parts of two
superalgebras G and G′ share one simple factor, then the anticommutator between their
fermionic generators cannot vanish, i.e. {Qa, Qb′} 6= 0. In order to use the same technique
as the previous section, we define
QIiˆ =
(
Qi¯ˆi
Qi′ iˆ
)
= Qi¯ˆiδ1α +Qi′ iˆδ2α, (2.53)
where I = 1, . . . , (N2 +N4) is a collective index; δ1α = (1, 0)
T and δ2α = (0, 1)
T are “spin
up” spinor and “spin down” spinor respectively (they are not spacetime spinors). In the
oscillator construction, Eq. (2.53) is given by
QIiˆ =
√−k(B†Iaiˆ +BIa†iˆ ) (2.54)
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where we have combined the two independent sets bosonic oscillators as one set:
BI =
(
b¯i
di′
)
, BI† =
(
bi¯†
di
′†
)
, [BI , B
J†] = δJI , [BI , BJ ] = [B
I†, BJ†] = 0.
δIJ =
(
δ¯ij¯ 0
0 δi′j′
)
, B
†
I ≡ δIJBJ†. (2.55)
With the above compact notation, we obtain
{QIiˆ, QJjˆ} = k(δIJMiˆjˆ + ωiˆjˆMIJ), [Miˆjˆ , QKkˆ] = ωjˆkˆQKiˆ + ωiˆkˆQKjˆ, (2.56)
where we have defined
MIJ =Mi¯j¯δ1αδ1β +Mi¯j′δ1αδ2β −Mj¯i′δ2αδ1β +Mi′j′δ2αδ2β , (2.57)
δIJ = δ¯ij¯δ1αδ1β + δi′j′δ2αδ2β. (2.58)
Eq. (2.58) is the component formalism of δIJ defined in (2.55). On the other hand, by
either requiring that the QIiˆQJjˆQKkˆ Jacobi identity is obeyed or using straightforward
oscillator algebra, we can obtain
[MIJ , QKkˆ] = δJKQIkˆ − δIKQJkˆ. (2.59)
Similarly, by either requiring that the QIiˆQJjˆMKL Jacobi identity is obeyed or using a
rather lengthy oscillator algebra, we can derive the commutator
[MIJ ,MKL] = δJKMIL − δIKMJL − δJLMIK + δILMJK , (2.60)
which is just the Lie algebra of SO(N2 + N4). Together with the algebra of Sp(N1) (the
second line of (2.2)), (2.56), (2.59), and (2.60) are precisely the commutation relations of
OSp(N2 + N4|2N1). Although we have completed the “fusion” of G and G′ in terms of
their oscillator realizations, the commutation relations (2.52), (2.56), (2.59), and (2.60)
must hold in general.
3. Fusing U(N1|N2) and U(N2|N3) into U(N1 +N3|N2)
In this section, we select the superalgebras G and G′ as U(N1|N2) and U(N2|N3), respec-
tively. Namely, the common part of their bosonic subalgebras is the Lie algebra of U(N2),
which is not simple due to the fact that U(N2) = SU(N2) × U(1). The commutation
relations of U(M |N) are given by Appendix D.1. We denote the fermionic generators of
U(N2|N3) as Qu¯i′ and Q¯i′ u¯, where the subscript index u¯ = 1, . . . , N2 is a fundamental
index of U(N2) and the superscript index i
′ = 1, . . . , N3 is an anti-fundamental indices of
U(N3). Similarly, we denote the fermionic generators of U(N1|N2) as Qu¯iˆ and Q¯iˆu¯, with
iˆ = 1, . . . , N1.
We first use U(N1|N2) and U(N2|N3) to construct the 3-algebra in the N = 4 theory.
It is useful to define
Qa =
(
Q¯iˆ
u¯
−Qu¯iˆ
)
= Q¯iˆ
u¯δ1λ −Qu¯iˆδ2λ, Qa′ =
(
Q¯i′
u¯
−Qu¯i′
)
= Q¯i′
u¯δ1α −Qu¯i′δ2α, (3.1)
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where δ1λ = (1, 0)
T and δ2λ = (0, 1)
T are “spin up” spinor and “spin down” spinor,
respectively. As usual, the structure constants of the 3-algebra fabc′d′ can be read off from
the double graded commutator: [{Qa, Qb}, Qc′ ] = fabc′d′Qd′ . A short calculation gives
fabc′d′ = −k(δˆijˆδv¯ w¯δk′ l
′
δt¯
u¯δ1λδ2ξδ1γδ2δ + δjˆ
iˆδu¯
w¯δk′
l′δt¯
v¯δ2λδ1ξδ1γδ2δ
+δˆi
jˆδw¯
u¯δl′
k′δv¯
t¯δ1λδ2ξδ2γδ1δ + δjˆ
iˆδw¯
v¯δl′
k′δu¯
t¯δ2λδ1ξδ2γδ1δ). (3.2)
Similarly, we obtain the structure constants fabcd,
fabcd = fi¯
iˆ
k¯
kˆ,
lˆ
l¯
jˆ
j¯δ2λδ1ξδ2ρδ1σ + fi¯
iˆ
l¯
lˆ,
kˆ
k¯
jˆ
j¯δ2λδ1ξδ1ρδ2σ
+fj¯
jˆ
k¯
kˆ,
lˆ
l¯
iˆ
i¯δ1λδ2ξδ2ρδ1σ + fj¯
jˆ
l¯
lˆ,
kˆ
k¯
iˆ
i¯δ1λδ2ξδ1ρδ2σ, (3.3)
where
fi¯
iˆ
j¯
jˆ ,
kˆ
k¯
lˆ
l¯ ≡ k(δ
kˆ
iˆδ
lˆ
jˆδj¯
k¯ δ¯i
l¯ − δ
lˆ
iˆδ
kˆ
jˆ δ¯i
k¯δj¯
l¯). (3.4)
And fa′b′c′d′ have a similar expression as that of (3.3). Substituting these structure con-
stants into (A.29) and (A.31) gives the N = 4, U(N1)×U(N2)×U(N3) CSM theory. This
theory was first derived in Ref. [5], using an ordinary Lie algebra approach.
To fuse U(N1|N2) and U(N2|N3), let us first construct them by the following three
independent sets of oscillators:
{aiˆ, ajˆ†} = δˆijˆ, {aiˆ, ajˆ} = {aiˆ†, ajˆ†} = 0;
[bu¯, b
v¯†] = δu¯
v¯, [bu¯, bv¯] = [b
u¯†, bv¯†] = 0; (3.5)
{ci′ , cj′†} = δi′ j′, {ci′ , cj′} = {ci′†, cj′†} = 0.
Here iˆ = 1, . . . , N1, u¯ = 1, . . . , N2, and i
′ = 1, . . . , N3. In terms of the oscillators, the
generators of U(N1|N2) are given by
Qu¯
iˆ =
√−kbu¯aiˆ†, Q¯iˆu¯ =
√−kaiˆbu¯†, Miˆ jˆ = aiˆajˆ†, Mu¯v¯ = −bu¯bv¯†. (3.6)
A little algebra shows that they indeed obey the commutation relations of U(N1|N2).
Similarly, the generators of U(N2|N3) are given by
Qu¯
i′ =
√−kbu¯ci′†, Q¯i′ u¯ =
√−kci′bu¯†, Mi′ j′ = ai′aj′†, Mu¯v¯ = −bu¯bv¯†. (3.7)
Now it is easy to calculate the non-trivial anticommutators between the fermionic genera-
tors of U(N1|N2) and U(N2|N3); they are given by
{Qu¯ iˆ, Q¯i′ v¯} = kδu¯v¯(ci′aiˆ†) ≡ kδu¯v¯M¯i′ iˆ,
{Q¯iˆ u¯, Qv¯ i
′} = kδv¯ u¯(aiˆci
′†) ≡ kδv¯ u¯Miˆi
′
. (3.8)
Combining them with (3.1), we have
{Qa, Qb′} = −k(δv¯ u¯Miˆj
′
δ1λδ2β + δu¯
v¯M¯j′
iˆδ2λδ1β). (3.9)
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This is the third example that if the bosonic subalgebras of two superalgebras G and G′
have a common part, then their fermionic generators have nontrivial anticommutators.
We now combine the two independent sets fermionic oscillators as one set:
AI =
(
aiˆ
ci′
)
, AI† =
(
aiˆ†
ci
′†
)
, {AI , AJ†} = δIJ , {AI , AJ} = {AI†, AJ†} = 0,
δI
J =
(
δˆi
jˆ 0
0 δi′
j′
)
, (3.10)
where I = 1, . . . , (N1 +N3) is a collective index. We now are able to define
Qu¯
I =
(
Qu¯
iˆ
Qu¯
i′
)
=
√−kbu¯AI†, Q¯I u¯ =
(
Q¯iˆ
u¯
Q¯i′
u¯
)
=
√−kAIbu¯†. (3.11)
As a result, we can put the known anticommutator and commutators in the compact forms
{Qu¯I , Q¯J v¯} = k(δI JMiˆ jˆ + δˆijˆMIJ), [Mu¯v¯, Qw¯I ] = δw¯ v¯Qu¯I , [Mu¯v¯, Q¯I w¯] = −δu¯w¯Q¯I v¯,
(3.12)
where we have defined
MI
J =
(
M
iˆ
jˆ M
iˆ
j′
M¯j′
iˆ Mi′
j′
)
. (3.13)
By either requiring that the QIiˆQJjˆQKkˆ Jacobi identity is obeyed or using oscillator alge-
bra, we can obtain
[MI
J , Qu¯
K ] = −δIKQu¯J , [MI J , Q¯Ku¯] = δKJQ¯I u¯. (3.14)
Similarly, by either requiring that the Q¯I
u¯Qv¯
JMK
L Jacobi identity is obeyed or using
oscillator algebra, one can derive the following commutator
[MI
J ,MK
L] = δJ
KMI
L − δILMKJ . (3.15)
We recognize that it is the Lie algebra of U(N1+N3). Together with the algebra of U(N2),
we find that (3.12), (3.14), and (3.15) furnish the commutation relations of U(N |N1+N3).
Notice that the “fused” superalgebra U(N |N1 +N3) can be used to construct the N = 6
theory [7].
4. Generalizations of Fusing Superalgebras
In this section, we shall work out the general structure of the superalgebra “fused” by
two superalgebras G and G′ whose bosonic parts share at least one simple factor or U(1)
factor, and work out some generalizations such as “fusing” three or more superalgebras.
The general commutation relations of G and G′ are given by (B.1) and (B.2), respectively.
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4.1 General Structure of Superalgebras Fused by 2 Superalgebras
Given two superalgebras G and G′, what interests us most is that the bosonic parts of the
superalgebras G and G′ share at least one simple factor or U(1) factor, while we do not
identify G and G′. Schematically, we have Mu = (Mα,Mg) and Mu
′
= (Mα
′
,Mg), with
Mg the set of generators of the common bosonic part of G and G′, i.e. Mu∩Mu′ =Mg 6= ∅,
but we exclude the possibility that Qa = Qa′ and M
α′ = Mα = ∅. Equivalently, we must
require that [13]
κ(Qa, Qb′) = ωab′ = 0. (4.1)
(The forms κ are defined in Appendix B; for instance, ωab = κ(Qa, Qb).)
Recall that in Section 1 we have defined
{Qa, Qb′} = tu˜ab′Mu˜. (4.2)
(See Eq. (1.7).) Comparing the first equation of (2.17) with the above equation, we have
Mu˜ =Mlˆl′ , (t
u˜)¯iˆi,j¯j′ = (t
lˆl′ )¯iˆi,j¯j′ = kδ¯ij¯δ
lˆ
iˆ
δl
′
j′ . (4.3)
Eqs. (2.52) and (3.9) are the other two explicit examples of (4.2). Using (4.2) and the
third equations of (B.6) and (B.12), the QaQbQc′ Jacobi identity (1.6) can be converted
into
τ
g
abkghτ
gd′
c′Qd′ + t
u˜
ac′ [Mu˜, Qb] + t
u˜
bc′ [Mu˜, Qa] = 0. (4.4)
Notice that the first term is a linear combination of the set of generators Qd′ . We are
therefore led to define
[Mu˜, Qa] = tu˜a
d′Qd′ . (4.5)
Roughly speaking, the new bosonic generators Mu˜ must “rotate” the set of fermionic
generators Qa into Qd′ . This means that the last term of the right hand side of [Mu˜, Qa] =
tu˜a
d′Qd′ + tu˜a
dQd vanishes, i.e. tu˜a
d = 0. A proof on that tu˜a
d = 0 can be found in Ref.
[13]. The last equation of (2.17) is an example of (4.5). With Eq. (4.5), the QaQbQc′
Jacobi identity (4.4) becomes
[kghτ
g
abτ
hd′
c′ + t
u˜
ac′tu˜b
d′ + tu˜bc′tu˜a
d′ ]Qd′ = 0. (4.6)
This is a non-linear constraint on these structure constants. Now the key point is that we
have to define tu˜a
d′ carefully so that the identity (4.6) is obeyed. Similarly, requiring that
the Qc′Qd′Qa Jacobi identity is obeyed leads us to define
[Mu˜, Qc′ ] = tu˜
b
c′Qb. (4.7)
Namely, the new bosonic generators Mu˜ “rotate” the set of fermionic generators Qc′ into
Qb. The fist equation of the second line of (2.17) is an example of (4.7). With (4.7), the
Qa′Qb′Qc Jacobi identity can be converted into
[kghτ
g
c′d′τ
hb
a + t
u˜
ac′tu˜
b
d′ + t
u˜
ad′tu˜
b
c′ ]Qb = 0. (4.8)
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The equation in the bracket is essentially equivalent to that of (4.6). This is also consistent
with the requirement that using either [{Qa, Qb}, Qc′ ] or [{Qc′ , Qd′}, Qa] to calculate the
structure constants fabc′d′ gives the same result
fabc′d′ = kghτ
g
abτ
h
c′d′ . (4.9)
All other unknown commutators, [M u˜,M v˜ ], [Mu,M u˜], and [Mu
′
,M u˜] can be deter-
mined by requiring that the M u˜QaQb′ , M
uQaQb′ , and M
u′QaQb′ Jacobi identities are
obeyed, respectively. For instance, let us consider the M u˜QaQb′ Jacobi identity
[M u˜, {Qa, Qb′}]− {[M u˜, Qa], Qb′} − {[M u˜, Qb′ ], Qa} = 0. (4.10)
After some algebraic steps, we obtain the equation
(tv˜)ab′ [M
u˜,M v˜ ] = tu˜cb′τ
u
ackuvM
v + (tu˜)a
c′τu
′
c′b′ku′v′M
v′ , (4.11)
which determines the commutator [M u˜,M v˜], since (tv˜)ab′ is generally consisted of by in-
vertible invariant tensors (the last equation of (4.3) is such an example). Eq. (2.19) is an
explicit example which can be derived from Eq. (4.11). Though it seems that both Mu
and Mu
′
appear in the right hand side of (4.11), their common generators Mg are generally
absent in the right hand side of the equation
[M u˜,M v˜ ] = f u˜v˜ w˜M
w˜. (4.12)
For instance, in Eq. (2.19), the common generators Mi¯j¯ do not appear in the right hand
side. Similarly, by using Jacobi identities, we can obtain
(tv˜)ab′ [M
u,M v˜] = (τuc
′
b′t
u˜
ac′ku˜v˜ + τ
uc
at
u˜
cb′ku˜v˜)M
v˜, (4.13)
(tv˜)ab′ [M
u′ ,M v˜] = (τu
′c
at
u˜
cb′ku˜v˜ + τ
u′c′
b′t
u˜
ac′ku˜v˜)M
v˜. (4.14)
Eqs. (2.20) and (2.21) are two explicit examples which can be derived from (4.13) and
(4.14), respectively.
In summary, we have defined the commutation relations (4.2), (4.5), (4.7), (4.11),
(4.13), and (4.14) for fusing G and G′, by requiring that the corresponding Jacobi identities
are obeyed. If all Jacobi identities of the ‘total” superalgebra consisting of Mu˜ and all
generators of G and G′ are satisfied, we say that the superalgebra “fused” by G and G′ is
closed. Notice that in fusing G and G′, we have not introduced any fermionic generators;
the set of bosonic generators Mu˜ are the only ones introduced for the fusion. An alternate
approach is that one can use oscillators to construct the generators of G and G′ first,
then use straightforward oscillator algebra to derive the commutation relations (4.2), (4.5),
(4.7), (4.11), (4.13), and (4.14), as we did in Sections 2.2, 2.3, and 3.
We can combine the two sets of fermionic generators Qa and Qb′ into one set
QI =
(
Qa
Qa′
)
. (4.15)
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Eqs. (2.39), (2.53), and (3.11) are explicit examples of the above combination. As a result,
all commutation relations of the “fused” superalgebra can be put into the compact form
{QI , QJ} = τUIJkUVMV , [MU , QI ] = −τUIJωJKQK , [MU ,MV ] = fUV WMW . (4.16)
For instance, Eqs. (2.42), (2.45), and (2.46) are concrete examples of the first, second, and
third equations of (4.16), respectively.
The MgMhQa′ and M
gMhQa Jacobi identities are nontrivial and always obeyed due
to the fact that Mu∩Mu′ =Mg 6= ∅ (see Appendix B), so that the second and third FIs of
(A.14) are always satisfied, even one cannot fuse G and G′ into a single closed superalgebra.
4.2 Fusing More Than Two Superalgebras
It is straightforward to generalize the “fusion” procedure to fuse three or more superalge-
bras. We may have to add new fermionic generators to fuse three or more superalgebras.
Consider for example the following superalgebras
(G1, G2, G3) =
(
U(N1|N2), U(N2|N3), U(N3|N4)
)
. (4.17)
Here G1 and G2, whose bosonic parts share a common part U(N2), satisfy the conditions
as G and G′ do (see Sec. 4); G2 and G3 also satisfy the conditions as G and G
′ of Sec.
4 do, but their bosonic parts share a common part U(N3). However, the superalgebra G1
is independent of G3, in the sense that every generator of G1 commutes or anticommutes
with every generator of G3. Using (4.17) to construct the 3-algebra in the N = 4 quiver
gauge theory gives the quiver diagram for the gauge group [13]
U(N1)− U(N2)− U(N3)− U(N4). (4.18)
The three copies of multiplets are in the bifundamental representations of U(N1)×U(N2),
U(N2)× U(N3), and U(N3)× U(N4), respectively.
To fuse G1 ∼ G3, let us try to utilize their oscillator realizations. Recall that G1 and G2
are constructed in terms three independent oscillators in Eqs. (3.5), and their generators
are given by (3.6) and (3.7), respectively. To construct G3 in terms of oscillators, we need
to introduce a fourth independent set of oscillators
[duˇ, d
vˇ†] = δuˇ
vˇ, [duˇ, dvˇ ] = [d
uˇ†, dvˇ†] = 0. (4.19)
Now the generators of G3 can be constructed in terms of (4.19) and the third set of
oscillators of (3.5):
Quˇ
i′ =
√−kduˇci′†, Q¯i′ uˇ =
√−kci′duˇ†, Mi′ j′ = ai′aj′†, Muˇvˇ = −duˇdvˇ†. (4.20)
Let us now pick up three fermionic generators from G1, G2, and G3 respectively, and
consider the Jacobi identity of these 3 generators:
[{Q¯
iˆ
u¯, Qv¯
i′}, Q¯k′ uˇ] + [{Q¯k′ uˇ, Qv¯ i′}, Q¯iˆ u¯] + [{Q¯iˆu¯, Q¯k′ uˇ}, Qv¯ i
′
] = 0. (4.21)
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Without any calculating, we notice immediately that the last term must vanish since G1 is
independent of G3. A short calculation shows that the first two terms add up to be zero.
The explicit expression of the first term is given by
[{Q¯iˆ u¯, Qv¯ i
′}, Q¯k′ uˇ] = δv¯ u¯δk′ i′(
√−kbˆiduˇ†) ≡ δv¯ u¯δk′ i
′
Q¯iˆ
uˇ, (4.22)
where we have defined a set of fermionic generators Q¯iˆ
uˇ. Similarly, the Qu¯
iˆQ¯i′
v¯Quˇ
k′ Jacobi
identity is also obeyed, and we must introduce another set of fermionic generators Quˇ
iˆ
defined by the equation
[{Qu¯ iˆ, Q¯i′ v¯}, Quˇk′ ] = −δu¯v¯δi′k′(
√−kduˇbiˆ†) ≡ −δu¯v¯δi′k′Quˇiˆ. (4.23)
Namely, we must introduce the fourth set of fermionic generators
Qaˇ =
(
Q¯iˆ
uˇ
−Quˇiˆ
)
(4.24)
into the system. According to Sec. 1, this is a typical fermionic fusion2, since we have
introduced a set of new fermionic generators Qaˇ to fuse the three superalgebras. It is easy
to verify that Q¯
iˆ
uˇ and Quˇ
iˆ obey the commutation relations of U(N1|N4); for instance,
{Quˇiˆ, Q¯jˆ vˇ} = k(δuˇvˇMjˆ iˆ + δjˆ iˆMuˇvˇ). (4.25)
Therefore, to obtain a fermionic fusion of G1 ∼ G3, it is necessarily to introduce the
fermionic generators of U(N1|N4) hence the the superalgebra U(N1|N4) into the system.
Let us denote U(N1|N4) as G4. Then the fermionic fusion of the superalgebras G1 ∼ G3
(see (4.17)), is the same as the fusion of the four superalgebras
(G1, G2, G3, G4) =
(
U(N1|N2), U(N2|N3), U(N3|N4), U(N1|N4)
)
. (4.26)
These superalgebras form a closed “loop”
G1
G4 G2
G3 (4.27)
in which the bosonic parts of every adjacent pair share one common part. The superalgebra
fused by G1 ∼ G4 is U(N1 +N3|N2 +N4). If we use (4.26) to construct the N = 4 theory
[13], in accordance with (4.27), the resulting quiver diagram for the gauge group is
U(N1)− U(N2)
| |
U(N4)− U(N3) (4.28)
2The definition of fermionic fusion is essentially different from that of the fusion in Sec. 1 (see also Sec.
4), since in defining the fusion, we have not introduced any new fermionic generators. The fermionic fusion
may be not interesting as the fusion itself, since in principal, by adding sufficient fermionic generators, one
may fuse any two or more superalgebras into a single close superalgebra. However, it is still interesting to ask
that what are the minimum numbers of fermionic generators needed for fusing two or more superalgebras
into a single closed one.
– 18 –
The four copies of multiplets are in the bifundamental representations of U(N1)× U(N2),
U(N2)× U(N3) , U(N3)× U(N4), and U(N4)× U(N1), respectively.
We see that the theory constructed by using (4.26) is completely different from the one
constructed by using (4.17). However, they have the same underlying structure, in the sense
that both (4.17) and (4.26) can be “fused” into the same superalgebra U(N1+N3|N2+N4).
We have to emphasize that the Lie algebra of the gauge group represented by either (4.18)
or (4.28) is just a proper subalgebra of the bosonic part of U(N1 + N3|N2 + N4), not its
full bosonic part.
Also, if we select the bosonic parts of U(N1 + N3|N2 − λ) and U(N1 + N3|N4 + λ)
(λ = 0, . . . , N2 − 1), sharing the common factor U(N1 + N3), as the Lie algebra of the
gauge symmetry, we will obtain a set of different N = 4 theories as λ runs from 0 to
N2 − 1; the corresponding quiver diagrams are given by
U(N2 − λ)− U(N1 +N3)− U(N4 + λ), λ = 0, . . . , N2 − 1. (4.29)
However, all the corresponding “fused” superalgebras are the same, since(
U(N1 +N3|N2 − λ) fusing U(N1 +N3|N4 + λ)
)
= U(N1 +N3|N2 − λ+N4 + λ) = U(N1 +N3|N2 +N4). (4.30)
So the theories depending on λ are not only different form each other, but also different
from the two theories constructed by using (4.26) and (4.17) respectively. But all these
theories are associated with the same “fused” superalgebra U(N1 +N3|N2 +N4).
Let us now try to “fuse” the superalgebras in (4.17) in an alternative approach. On
one hand, fusing G1 and G2 first gives U(N1 +N3|N2). We now must fuse U(N1+N3|N2)
and G3 = U(N3|N4). On the other hand, fusing G2 and G3 first gives U(N3|N2 + N4).
Hence we must fuse U(N3|N2 +N4) and G1 = U(N1|N2). The two fusions must give the
same final result, i.e.(
U(N1+N3|N2) fusing U(N3|N4)
)
=
(
U(N3|N2+N4) fusing U(N1|N2)
)
. (4.31)
Let us look at the left hand side. We see that the common part, the Lie algebra of U(N3), is
a proper subalgebra of the Lie algebra of U(N1+N3) of the bosonic part of U(N1+N3|N2),
provided that N1 6= 0. As a result, we encounter an interesting complication. However, by
using a little oscillator algebra, we find that it is necessarily to add U(N1|N4) into the left
hand side, and fusing these three superalgebras gives exactly U(N1 +N3|N2 +N4), which
also can be derived by fusing U(N1|N4) and the two superalgebras in the right hand side.
Consider the general line-like (not a closed loop) case of unitary superalgebras
(G1, . . . , Gn) =
(
U(N1|N2), U(N2|N3), . . . , U(Nn−1|Nn), U(Nn|Nn+1)
)
, (4.32)
where the bosonic parts of any adjacent pair Gi and Gi+1 (i = 1, · · · , n− 1;n ≥ 3) share a
common part U(Ni+1); any pair of superalgebras are independent if they not adjacent (G1
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and Gn are also independent). They can be fused into
U
( 1+[n
2
]∑
k=1
N2k−1
∣∣∣∣
[n+1
2
]∑
k=1
N2k
)
, (4.33)
where [n2 ] is the integer part of
n
2 . In (4.32), if n is even and the bosonic parts of G1 and
Gn share the Lie algebra of U(N1) = U(Nn+1), then (4.32) becomes a closed loop and the
resulting “fused” superalgebra is also (4.33). However, if n is odd, it seems that one cannot
fuse these superalgebras forming a closed loop into a single closed superalgebra. Also, their
bosonic parts cannot be selected as the Lie algebra of gauge group of the N = 4 theories
[5]. For example, consider the simplest case
(G1, G2, G3) = (U(N1|N2), U(N2|N3), U(N3|N1)), (4.34)
which is a closed loop with odd number of superalgebras, in the sense that the bosonic
parts of every pair superalgebras share one common part. If we pick up three fermionic
generators from G1, G2 and G3, respectively, then their Jacobi identity cannot be obeyed.
Also, if we select the bosonic parts of (4.34) as the Lie algebra of gauge group of the
N = 4 theory, then at least two multiplets (out of the three multiplets) are in the dotted
or undotted representation of the SU(2)×SU(2) R-symmetry group simultaneously. As a
result, at least one QQQ Jacobi identity cannot be obeyed, so the bosonic parts of G1, G2
and G3 cannot be selected as the Lie algebra of gauge group of the N = 4 theory [5].
Similarly, one can also consider the line-like case of orthosymplectic superalgebras,(
OSp(M1|2N1), OSp(M1|2N2), OSp(M2|2N2), . . . ,
OSp(Mn|2Nn), OSp(Mn|2Nn+1), OSp(Mn+1|2Nn+1)
)
(4.35)
where the bosonic parts of any adjacent pair of superalgebras share one and only one
common simple factor; any pair of superalgebras are independent if they not adjacent
((OSp(M1|2N1) and OSp(Mn+1|2Nn+1) are independent as well). One can fuse them into
OSp
( n+1∑
k=1
Mk
∣∣∣∣2
n+1∑
k=1
Nk
)
. (4.36)
If the number of all superalgebras in (4.35) is even and the bosonic parts of the first
and last superalgebras ((OSp(M1|2N1) and OSp(Mn+1|2Nn+1)) share one simple common
factor SO(M1) = SO(Mn+1), then (4.35) becomes a closed loop and the resulting “fused”
superalgebra is also (4.36).
If the bosonic parts of three or more superalgebras share one common part, they can
be also fused into a single closed superalgebra. For example, let us consider
(G1, . . . , Gn) =
(
OSp(M |2N1), . . . , OSp(M |2Ni), . . . , OSp(M |2Nn)
)
, (4.37)
i.e. the bosonic parts of the n ≥ 3 orthosymplectic superalgebras share the Lie algebra of
SO(M). They can be fused into
OSp
(
M
∣∣∣∣2
n∑
i=1
Ni
)
. (4.38)
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Similarly, one can fuse
(G1, . . . , Gn) =
(
OSp(M1|2N), . . . , OSp(Mi|2N), . . . , OSp(Mn|2N)
)
(4.39)
and (G1, . . . , Gn) =
(
U(N |N1), . . . , U(N |Ni), . . . , U(N |Nn)
)
(4.40)
into
OSp
( n∑
i=1
Mi
∣∣∣∣2N
)
and U
(
N
∣∣∣∣
n∑
i=1
Ni
)
, (4.41)
respectively. However, by the same reason that the bosonic parts of (4.34) cannot be
selected as the Lie algebra of gauge group of the N = 4 quiver gauge theory, the bosonic
parts of (4.37), (4.39) or (4.40) cannot be used to construct the N = 4 quiver gauge theory,
though their “fused” superalgebras (4.38) and (4.41) can be used to construct the N = 4
GW theories and N = 5 theories.
It is also possible to “fuse” the superalgebras whose bosonic parts forming a more
complicated mesh-like diagram. For example, consider the following seven superalgebras
(G1, G2, G3, G4, G5, G6, G7) = (OSp(M |2N1), OSp(M |2N2), OSp(M |2N3), OSp(M |2N),
OSp(M1|2N), OSp(M2|2N), OSp(M3|2N)). (4.42)
The bosonic parts of G1 ∼ G4 share the Lie algebra of SO(M), while the bosonic parts
of G5 ∼ G7 share the Lie algebra of Sp(2N). Therefore the bosonic parts of the seven
superalgebras form the mesh-like diagram:
Sp(2N1) SO(M3)
| |
Sp(2N2)− SO(M)− Sp(2N)− SO(M2) . (4.43)
| |
Sp(2N3) SO(M1)
These seven superalgebras (4.42) can be fused into the superalgebra
OSp
(
M +
3∑
i=1
Mi
∣∣∣∣2(N +
3∑
i=1
Ni
))
, (4.44)
which can be used to construct the N = 4 GW theories and N = 5 theories.
5. Conclusions and Discussion
We have developed a fusion procedure to “fuse” two superalgebras G and G′, whose bosonic
parts share at least one simple factor or U(1) factor, into a single closed superalgebra.
The fermionic generators of the “fused” superalgebra are a disjoint union of the fermionic
generators of G and G′; in fusing G and G′, one needs only to introduce a set of new bosonic
generators for closing the “fused” superalgebra. The generic structure of the superalgebra
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“fused” by two superalgebras has been worked out, and the fusion procedure has been
generalized so that one can fuse more than two superalgebras. Two different methods
were introduced to do the fusion. We have constructed several classes of the “fused”
superalgebras in Sec. 2, 3 and 4. For instance, in Sec. 3, we have fused U(N1|N2) and
U(N2|N3) into U(N1 +N3|N2). Here the common part of the bosonic parts of U(N1|N2)
and U(N2|N3) is U(N2). It seems all classical superalgebras admit “fusions”, i.e. two
orthosymplectic (unitary) superalgebras can be fused into a single closed orthosymplectic
(unitary) superalgebra, provided that certain conditions are satisfied.
We have also generalized the fusion procedure to a fermionic fusion procedure, by
allowing one to add minimum numbers of fermionic generators as well as bosonic generators
into the system, such that two or more superalgebras may be fused into a closed one (see
Sec. 4.2).
It is particularly interesting to note that even if two or more N = 4 theories have
completely different gauge groups and different numbers of multiplets, they may have the
same underlying “fused” superalgebra structure, in the sense that the corresponding two
or more sets of the superalgebras, used to construct the 3-algebras that generate the gauge
groups, can be “fused” into the same single closed superalgebra, respectively. For instance,
the N = 4 quiver gauge theories whose quiver diagrams are given by (4.18), (4.28), and
(4.29), respectively, are associated with the same “fused” superalgebra U(N1+N3|N2+N4).
It would be nice to explore the physical significance of this relationship.
We have also discovered that some superalgebras cannot be fused into a single closed
superalgebra even if the bosonic parts of any pair of them share one common factor: (4.34)
is such an example. Interestingly, the bosonic parts of (4.34) cannot be selected as the Lie
algebra of Lie group of the N = 4 theory.
We are not sure that whether all the superalgebras in our recent work [13] used to con-
struct the symplectic superalgebras in the N = 4 theories can be fused into single superal-
gebras or not. For instance, can we fuse (OSp(N1|2), G3) into a single closed superalgebra?
Here the common part of the bosonic parts of the two superalgebras is Sp(2) ∼= SU(2).
It would be nice to achieve a complete classification of the “fused” superalgebras. It can
be seen that the Lie algebras of the gauge groups of the N = 4 quiver gauge theories
have extremely rich structures, hence may inspire some further non-trivial physical and
mathematical problems to study.
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A. A Review of the N = 4 Theory Based on 3-Algebras
In this Appendix, we review the general N = 4 quiver theory constructed in terms of
the double-symplectic 3-algebra or the N = 4 three-algebra [12, 13]. The generators
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of the double-symplectic 3-algebra are the disjoint union of that two sub symplectic 3-
algebras, whose generators are denoted as Ta and Ta′ , respectively, where a = 1, · · · , 2R
and a′ = 1, · · · , 2S. The symplectic 3-algebra is a complex vector space equipped with the
3-bracket
[TI , TJ ;TK ] = fIJK
dTd + fIJK
d′Td′ (A.1)
≡ gIJKLTL,
where TI can be a primed or an unprimed generator, i.e.
TI = (Ta or Ta′). (A.2)
The 3-bracket is required to satisfy the fundamental identity (FI):
[TI , TJ ; [TM , TN ;TK ]] = [[TI , TJ ;TM ], TN ;TK ]+[TM , [TI , TJ ;TN ];TK ]+[TM , TN ; [TI , TJ ;TK ]].
(A.3)
Substituting (A.1) into (A.3), we see that the structure constants must obey the identity
gMNK
OgIJO
L = gIJM
OgONK
L + gIJN
OgMOK
L + gIJK
OgMNO
L. (A.4)
To define two symplectic 3-algebras, we introduce two invariant anti-symmetric tensors
ωab = ω(Ta, Tb) and ωa′b′ = ω(Ta′ , Tb′) (A.5)
into the two sub 3-algebras, respectively, and denote their inverses as ωbc and ωb
′c′ , sat-
isfying ωabω
bc = δca and ωa′b′ω
b′c′ = δc
′
a′ . We will use the antisymmetric tensors ω to
lower or raise the indices. The unprimed and primed vectors are required to be symplectic
orthogonal, that is,
ω(Ta, Tb′) = ω(Tb′ , Ta) = 0. (A.6)
Finally, we assume that the 3-brackets satisfy the two conditions
[TI , TJ ;TK ] = [TJ , TI ;TK ], (A.7)
ω([TI , TJ ;TK ], TL) = ω([TK , TL;TI ], TJ). (A.8)
The 3-algebra defined by Eqs. (A.1)−(A.8) is called a double-symplectic 3-algebra [13].
Taking account of (A.7) and TI = (Ta or Ta′), we notice that (A.1) gives six indepen-
dent 3-brackets. Since Ta and Ta′ span two symplectic sub 3-algebras respectively, we must
have
[Ta, Tb;Tc] = fabc
dTd and [Ta′ , Tb′ ;Tc′ ] = fa′b′c′
d′Td′ . (A.9)
Comparing (A.9) with (A.1), we note that
fabc
d′ = fa′b′c′
d = 0. (A.10)
Using (A.6), (A.7), (A.8), and (A.10), it is not difficult to prove that
fabc′
d = fa′b′c
d′ = fab′c
d = fba′c′
d′ = 0. (A.11)
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Combining (A.1) and (A.11), we learn that the rest four 3-brackets are given by
[Ta, Tb;Tc′ ] = fabc′
d′Td′ , [Ta′ , Tb′ ;Tc] = fa′b′c
dTd, (A.12)
[Ta, Tb′ ;Tc] = fab′c
d′Td′ , [Ta′ , Tb;Tc′ ] = fba′c′
dTd. (A.13)
On account of the symmetry conditions (A.7) and (A.8), Eq. (A.4) may be decomposed
into eight independent FIs. The four FIs not involving fab′cd′ = ωd′e′fab′c
e′ are given by
fabe
gfgfcd + fabf
gfegcd − fefdgfabcg − fefcgfabdg = 0,
fabe
gfgfc′d′ + fabf
gfegc′d′ − fefd′g′fabc′g′ − fefc′g′fabd′g′ = 0, (A.14)
fa′b′e
gfgfc′d′ + fa′b′f
gfegc′d′ − fefd′g′fa′b′c′g′ − fefc′g′fa′b′d′g′ = 0,
fa′b′e′
g′fg′f ′c′d′ + fa′b′f ′
g′fe′g′c′d′ − fe′f ′d′g′fa′b′c′g′ − fe′f ′c′g′fa′b′d′g′ = 0.
The other four FIs involving fab′cd′ are the follows
fac′b
d′fefd′g′ = fefa
dfdc′bg′ + fefc′
d′fad′bg′ + fefb
dfac′dg′ ,
fac′b
d′fef ′gd′ = fef ′a
d′fd′c′bg + fef ′
d
c′fadbg + fef ′b
d′fac′gd′ , (A.15)
fac′b
d′fe′f ′d′g′ = fe′f ′a
dfdc′bg′ + fe′f ′c′
d′fad′bg′ + fe′f ′b
dfac′dg′ ,
fac′
d
g′fef ′db′ = fef ′a
d′fd′c′g′b′ + fef ′
d
c′fadg′b′ + fef ′
d
g′fac′db′ .
We assume that the N = 4 action is invariant under the transformation [12]
δΛ˜Φ = Λ
ab[Ta, Tb; Φ] + Λ
a′b′ [Ta′ , Tb′ ; Φ], (A.16)
where the 3-algebra valued superfield Φ can be an untwisted superfield Φ = ΦaATa or a
twisted superfield Φ = Φa
′
A˙
Ta′ . The infinitesimal parameters Λ
ab and Λa
′b′ are independent
of superspace coordinates. The symmetry (A.16) will be gauged later. One may try to add
the term
Λab
′
[Ta, Tb′ ; Φ] ≡ δΛ˜3Φ (A.17)
to the right hand side of (A.16). However, using the first equation of (A.13), we obtain
δΛ˜3ΦA = Λ
ab′ [Ta, Tb′ ; Φ
c
ATc] = (Λ
ab′fab′c
d′ΦcA)Td′ . (A.18)
The most right hand side indicates that δΛ˜3ΦA 6= (δΛ˜3Φ)cATc, conflicting with the assump-
tion ΦA = Φ
a
ATa. We therefore must require that δΛ˜3ΦA = 0. This can be fulfilled by
setting either Λab
′
= 0 or fab′c
d′ = 0.
• If we set Λab′ = 0, then Eq. (A.17) does not play any role in constructing the theory;
only the symmetry defined by (A.16) will be gauged.
• If we set fab′cd′ = 0, then (A.8) implies that fab′d′c = 0. As a result, we have
δΛ˜3ΦA˙ = 0 as well. Note that after setting fab′c
d′ = fba′d′
c = 0, the four FIs (A.15)
are satisfied automatically. We call the new 3-algebra obtained from the double-
symplectic 3-algebra by setting fab′c
d′ = fba′d′
c = 0 an N = 4 three-algebra.
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The antisymmetric tensor ωcd is invariant under the transformations:
δΛ˜1ωcd = Λ
ab(fabc
eωed + fabd
eωce) = 0, (A.19)
δΛ˜2ωcd = Λ
a′b′(fa′b′c
eωed + fa′b′d
eωce) = 0. (A.20)
Eqs (A.19) and (A.20) are nothing but fabcd = fabdc and fa′b′cd = fa′b′dc, respectively.
Similarly, by considering the invariance of ωc′d′ , we obtain fa′b′c′d′ = fa′b′d′c′ and fabc′d′ =
fabd′c′ . Note that these equations are consistent with Eq. (A.8). In the case of double
symplectic 3-algebra, using (A.6), it is not difficult to prove that ω are also invariant under
the transformation (A.17), i.e.
δΛ˜3ωcd = δΛ˜3ωc′d′ = 0. (A.21)
Note that in proving (A.21), we have not set Λab
′
= 0. In the case of N = 4 three-algebra,
Eqs. (A.21) are satisfied automatically due to the fact that fab′c
d′ = fba′d′
c = 0.
Plugging Φ = ΦaATa and Φ = Φ
a′
A˙
Ta′ into (A.16), respectively, we see that only four
structure constants3
fabc
d, fa′b′c′
d′ , fabc′
d′ and fa′b′c
d. (A.22)
are needed in defining the symmetry transformation. Indeed, later we will see that only the
above four structure constants appear in the action and the law of supersymmetry trans-
formations (see (A.29) and (A.31)), while fab′c
d′ and fba′c′
d (the two structure constants of
the rest two 3-brackets (A.13)) do not appear in the action at all.
In summary, the four structure constants (A.22) enjoy the following symmetry prop-
erties [12]
fabcd = fbacd = fbadc = fcdab,
fabc′d′ = fbac′d′ = fbad′c′ = fc′d′ab, (A.23)
fa′b′c′d′ = fb′a′c′d′ = fb′a′d′c′ = fc′d′a′b′ .
To guarantee the positivity of theory, they are required to obey the reality conditions [12]
f∗ab
c
d = f
b
a
d
c, f
∗a′
b′
c
d = f
b′
a′
d
c, f
∗a′
b′
c′
d′ = f
b′
a′
d′
c′ . (A.24)
To achieve the closure of the N = 4 algebra, one must impose the linear constraints [13]
f(abc)d = 0 and f(a′b′c′)d′ = 0. (A.25)
It is natural to require the three independent structure constants to be invariant under
the symmetry transformation (A.16), i.e.
δΛ˜fabcd = δΛ˜fabc′d′ = δΛ˜fa′b′c′d′ = 0, (A.26)
A short calculation shows that Eqs. (A.26) are equivalent to the four FIs (A.14). Therefore
Eqs. (A.26) do not involve the rest four FIs (A.15) at all.
3Since fabc′d′ = fc′d′ab (see (A.23)), there are only three independent structure constants.
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Using the double-symplectic 3-algebra or the N = 4 three-algebra, we have been able
to construct the N = 4 quiver gauge theory in a superspace approach [12]. In the theory,
the un-twisted multiplets (ZaA, ψ
a
A˙
) and the twisted multiplets (Za
′
A˙
, ψa
′
A ) obey the following
reality conditions
Z¯Aa = ωabǫ
ABZbB , ψ¯
A˙
a = ωabǫ
A˙B˙Zb
B˙
, (A.27)
Z¯A˙a′ = ωa′b′ǫ
A˙B˙Zb
′
B˙
, ψ¯Aa′ = ωa′b′ǫ
ABZb
′
B , (A.28)
where A, A˙ = 1, 2 are the undotted and dotted indices of the SU(2)× SU(2) R-symmetry
group, respectively. The N = 4 Lagrangian is given by
L = 1
2
(−DµZ¯Aa DµZaA −DµZ¯A˙a′DµZa
′
A˙
+ iψ¯A˙a γ
µDµψ
a
A˙
+ iψ¯Aa′γ
µDµψ
a′
A )
− i
2
(facbdZ
a
AZ
Abψc
B˙
ψB˙d + fa′c′b′d′Z
a′
A˙
ZA˙b
′
ψc
′
Bψ
Bd′)
+
i
2
fabc′d′(Z
a
AZ
b
Bψ
Ac′ψBd
′
+ Zc
′
A˙
Zd
′
B˙
ψA˙aψB˙b + 4ZaAZ
B˙d′ψb
B˙
ψAc
′
)
+
1
2
ǫµνλ(fabcdA
ab
µ ∂νA
cd
λ +
2
3
fabc
gfgdefA
ab
µ A
cd
ν A
ef
λ )
+
1
2
ǫµνλ(fa′b′c′d′A
a′b′
µ ∂νA
c′d′
λ +
2
3
fa′b′c′
g′fg′d′e′f ′A
a′b′
µ A
c′d′
ν A
e′f ′
λ )
+ǫµνλ(fabc′d′A
ab
µ ∂νA
c′d′
λ + fabc
gfgde′f ′A
ab
µ A
cd
ν A
e′f ′
λ + fabc′
g′fg′d′e′f ′A
ab
µ A
c′d′
ν A
e′f ′
λ )
+
1
12
(fabcgf
g
defZ
AaZbBZ
B(cZ
d)
C Z
CeZ
f
A + fa′b′c′g′f
g′
d′e′f ′Z
A˙a′Zb
′
B˙
ZB˙(c
′
Z
d′)
C˙
ZC˙e
′
Z
f ′
A˙
)
−1
4
(fabc′g′f
g′
d′efZ
A˙c′Zd
′
A˙
ZbDZ
DfZaCZ
Ce + fa′b′cgf
g
de′f ′Z
AcZdAZ
b′
D˙
ZD˙f
′
Za
′
C˙
ZC˙e
′
),
(A.29)
where the gauge fields and the covariant derivatives are defined as
DµZ
A
d = ∂µZ
A
d − A˜µcdZAc , A˜µcd = Aabµ fabcd +Aa
′b′
µ fa′b′
c
d, (A.30)
DµZ
A˙
d′ = ∂µZ
A˙
d′ − A˜µc
′
d′Z
A˙
c′ , A˜µ
c′
d′ = A
a′b′
µ fa′b′
c′
d′ +A
ab
µ fab
c′
d′ .
Here Aabµ and A
a′b′
µ are independent Hermitian tensors, provided that the two sub 3-algebras
are not identical. The N = 4 supersymmetry transformations read
δZaA = iǫA
A˙ψa
A˙
,
δZa
′
A˙
= iǫ†
A˙
Aψa
′
A ,
δψa
′
A = −γµDµZa
′
B˙
ǫA
B˙ − 1
3
fa
′
b′c′d′Z
b′
B˙
ZB˙c
′
Zd
′
C˙
ǫA
C˙ + fa
′
b′cdZ
b′
A˙
ZBcZdAǫB
A˙,
δψa
A˙
= −γµDµZaBǫ†A˙
B − 1
3
fabcdZ
b
BZ
BcZdCǫ
†
A˙
C + fabc′d′Z
b
AZ
B˙c′Zd
′
A˙
ǫ
†
B˙
A,
δA˜µ
c
d = iǫ
AB˙γµψ
b
B˙
ZaAfab
c
d + iǫ
†A˙Bγµψ
b′
BZ
a′
A˙
fa′b′
c
d,
δA˜µ
c′
d′ = iǫ
AB˙γµψ
b
B˙
ZaAfab
c′
d′ + iǫ
†A˙Bγµψ
b′
BZ
a′
A˙
fa′b′
c′
d′ , (A.31)
where the supersymmetry parameter ǫA
B˙ obeys the following reality condition
ǫ†A˙
B = −ǫBCǫA˙B˙ǫCB˙ . (A.32)
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The closure of the above N = 4 algebra has been verified in Ref. [12].
One can generalize the construction of this Appendix by introducing a symplectic 3-
algebra containing three or more (n ≥ 3) symplectic sub 3-algebras, and by letting that n
multiplets take values in these n sub 3-algebras respectively. One then can realize these n
sub 3-algebras in terms of n superalgebras respectively.
B. A Review of the Superalgebra Realization
In this Appendix, we review the superalgebra realization of the four sets of 3-brackets (A.9)
and (A.12) and the four sets of FIs (A.14); we also comment on the rest two 3-brackets
(A.13) and four sets of FIs (A.15) [13].
As we mentioned in Section 1, we used two superalgebras G and G′ to realize the two
sub algebras of the double-symplectic 3-algebras [13]. Here G and G′ are given by
[Mu,Mv] = fuvwM
w, [Mu, Qa] = −τuabωbcQc, {Qa, Qb} = τuabkuvMv, (B.1)
and
[Mu
′
,Mv
′
] = fu
′v′
w′M
w′ , [Mu
′
, Qa′ ] = −τu′a′b′ωb
′c′Qc′ , {Qa′ , Qb′} = τu′a′b′ku′v′Mv
′
,
(B.2)
respectively, where a = 1, · · · , 2R and a′ = 1, · · · , 2S. The invariant antisymmetric tensors
are defined as
ωab = κ(Qa, Qb), ωa′b′ = κ(Qa′ , Qb′), (B.3)
and their inverses are denoted as ωab and ωa
′b′ satisfying ωabωbc = δ
a
c and ω
a′b′ωb′c′ = δ
a′
c′ .
We will use ω to raise or lower indices. The invariant symmetric forms are defined as
kuv = −κ(Mu,Mv) and ku′v′ = −κ(Mu′ ,Mv′); their inverse are denoted as kuv and ku′v′ ,
satisfying kuvk
vw = δwu and ku′v′k
v′w′ = δw
′
u′ . The forms κ are invariant [3, 22] in the sense
that
κ([A,B}, C) = κ(A, [B,C}), κ([A′, B′}, C ′) = κ(A′, [B′, C ′}), (B.4)
where A = Qa or M
u, and A′ = Qa′ or M
u′ .
If we set
Ta
.
= Qa, Ta′
.
= Qa′ , (B.5)
the four 3-brackets can be constructed in terms of the double graded commutators
[Ta, Tb;Tc]
.
= [{Qa, Qb}, Qc], [Ta′ , Tb′ ;Tc′ ] .= [{Qa′ , Qb′}, Qc′ ],
[Ta, Tb;Tc′ ]
.
= [{Qa, Qb}, Qc′ ], [Ta′ , Tb′ ;Tc] .= [{Qa′ , Qb′}, Qc]. (B.6)
The right hand sides of the last two equations of (B.6) are required to satisfied two crucial
conditions. First, in order that there are nontrivial interactions between the twisted and
untwisted multiplets, one must require that
fabc′
d′ 6= 0, fa′b′cd 6= 0. (B.7)
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Secondly, in accordance with Eqs. (A.11), we must require that
fabc′
d = fa′b′c
d′ = 0. (B.8)
In Ref. [13], we have proved that if the bosonic parts of G and G′ share at least one
simple or U(1) factor, the requirements (B.7) and (B.8) can be fulfilled, provided that the
common bosonic part of G and G′ is not a center of G and G′. Denoting the generators of
the common bosonic part as Mg, i.e. schematically, Mg =Mu ∩Mu′ , we have4
Mu = (Mα,Mg), Mu
′
= (Mα
′
,Mg). (B.9)
(Here α is not an index of spacetime spinor. We hope this will not cause any confusion.)
And we assume that we do not identify the two superalgebras G and G′: schematically, we
exclude the possibility that Qa = Qa′ and M
α′ = Mα = ∅. Hence it is natural to require
that
[Mα, Qa′ ] = [M
α′ , Qa] = 0. (B.10)
With the decompositions (B.9), the anticommutators in (B.1) and (B.2) can be written
as
{Qa, Qb} = ταabkαβMβ + τ gabkghMh, {Qa′ , Qb′} = τα
′
a′b′kα′β′M
β′ + τ ga′b′kghM
h, (B.11)
where we have decomposed the invariant quadratic form kuv as kuv = (kαβ , kgh). Using
(B.1), (B.2), and (B.11), the structure constants of 3-brackets in (B.6) can be easily read
off; they are given by the tensor products
fabcd = kuvτ
u
abτ
v
cd, fa′b′c′d′ = ku′v′τ
u′
a′b′τ
v′
c′d′ , fabc′d′ = kghτ
g
abτ
h
c′d′ , (B.12)
where we have used (B.10). By the MαMgQa′ , M
α′MgQa, and M
α′Ma
′
Qa Jocobi identi-
ties, we learn that
[Mα,Mg] = [Mα
′
,Mg] = [Mα,Mα
′
] = 0. (B.13)
The structure constants (B.12) posses the desired symmetry properties (A.23) and obey
the real conditions (A.24). The QaQbQc Jacobi identity of (B.1) implies that the first
equation of (A.25) is obeyed, i.e. f(abc)d = 0. Similarly, f(a′b′c′)d′ = 0 is equivalent to the
Qa′Qb′Qc′ Jacobi identity of (B.2).
As for the four sets of FIs in (A.14), one can prove that they are equivalent to the
MuMvQa, M
uMvQa′ , M
gMhQa and M
gMhQa′ Jacobi identities, respectively. For in-
stance, using Eqs. (B.6), one of equations in (A.3) can be converted into
[{Qa, Qb}, [{Qc, Qd}, Qa′ ]]
= [{[{Qa, Qb}, Qc], Qd}, Qa′ ] + [{Qc, [{Qa, Qb}, Qd]}, Qa′ ]
+[{Qc, Qd}, [{Qa, Qb}, Qa′ ]]. (B.14)
4More generally, one can decompose Mu
′
into Mu
′
= (Mα
′
, M˜g), where M˜g = T ghM
h, with T gh a
complex non-singular linear transformation matrix [13]. Here we set T gh = δ
g
h for simplicity.
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A short calculation shows that it is equivalent to the second FI of (A.14). On the other
hand, using (B.1), (B.11), (B.10), and (B.13), we can convert (B.14) into the MgMhQa′
Jacobi identity of (B.2)
τ
g
abτ
h
cd([Mh, [Mg, Qa′ ]]− [Mg, [Mh, Qa′ ]] + [[Mg,Mh], Qa′ ]) = 0. (B.15)
In this realization, the Lie algebra of gauge group is the bosonic subalgebras of the
superalgebras (B.1) and (B.2); specifically, it is spanned by the set of generators
Mm = (Mα,Mg,Mα
′
). (B.16)
The representations of the bosonic subalgebras of (B.1) and (B.2) are determined by the
fermionic generators Qa and Qa′ , respectively. The classification of the gauge groups of the
N = 4 quiver gauge theories can be found in Ref. [13, 5, 10]. In particular, in Ref. [13],
the authors have able to construct a number of classes of N = 4 theories with new gauge
groups, using the approach described in this appendix.
Let us now comment on the two 3-brackets (A.13) and the four FIs (A.15). In the case
of double-symplectic 3-algebra, if G and G′ can be ‘fused’ into a closed superalgebra, one
can construct the rest two 3-brackets Eqs. (A.13) in analogue to Eqs. (B.6), i.e.
[Ta, Tb′ ;Tc]
.
= [{Qa, Qb′}, Qc], [Ta′ , Tb;Tc′ ] .= [{Qa′ , Qb}, Qc′ ]. (B.17)
In summary, we have
TI
.
= QI , [TI , TJ ;TK ]
.
= [{QI , QJ}, QK ], (B.18)
where
QI = (Qa orQa′). (B.19)
Note that (A.8) is obeyed by the construction
ω([TI , TJ ;TK ], TL)
.
= κ([{QI , QJ}, QK ], QL), (B.20)
and one can also prove that Eqs. (A.11) and (A.10) are obeyed [13].
Recall that in Sec. (1), in “fusing” G and G′, we have defined the anticommutator of
Qa and Qb′ as (see Eq. (1.7))
{Qa, Qb′} = tu˜ab′Mu˜, (B.21)
where Mu˜ are a set of bosonic generators, and t
u˜
ab′ are structure constants of the anticom-
mutator. The structure constants of the commutators involving Mu˜ can be found in Sec.
4. Now one can prove that the four FIs (A.15) involving fab′cd′ are equivalent to the four
Jacobi identities relating the bosonic generators Mu˜ defined in Eq. (B.21). In summary,
using (B.18), one can construct the FI (A.3) as follows
[{QI , QJ}, [{QM , QN}, QK ]] = [{[{QI , QJ}, QM ], QN}, QK ] + [{QM , [{QI , QJ}, QN ]}, QK ]
+[{QM , QN}, [{QI , QJ}, QK ]], (B.22)
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which can be converted into the MMQ Jacobi Identities of the fused superalgebra. By
(B.18) and (B.22), we learn that the double-symplectic 3-algebra indeed can be constructed
in terms of the fused superalgebra. However, if the superalgebras G and G′ cannot be fused
into a closed superalgebra, we are not sure whether one can construct (A.13) and (A.15)
in terms of G and G′. It would be nice to answer this question.
In the case of N = 4 three-algebra, the two 3-brackets vanish identically: [Ta, Tb′ , Tc] =
[Ta′ , Tb, Tc′ ] = 0. As a result, they cannot be constructed in terms of the double graded com-
mutators (B.17) of the “fused” superalgebra, since the structure constants of [{Qa, Qb′}, Qc] =
fab′c
d′Qd′ and [{Qa, Qb′}, Qc′ ] = fab′c′dQd do not vanish on account of the QaQb′Qc Jacobi
identity and the QaQb′Qc′ Jacobi identity, respectively. If both G and G
′ are unitary su-
peralgebras or orthosymplectic superalgebras, by direct calculation (without consulating
the Jacobi identities), one can show that both [{Qa, Qb′}, Qc] and [{Qa, Qb′}, Qc′ ] are not
zero (see Sec. 2 and Sec. 3).
C. Conventions and Useful Identities
The conventions and useful identities are adopted from our previous paper [12].
C.1 Spinor Algebra
In 1 + 2 dimensions, the gamma matrices are defined as
(γµ)α
γ(γν)γ
β + (γν)α
γ(γµ)γ
β = 2ηµνδα
β. (C.1)
For the metric we use the (−,+,+) convention. The gamma matrices in the Majorana
representation can be defined in terms of Pauli matrices: (γµ)α
β = (iσ2, σ1, σ3), satisfying
the important identity
(γµ)α
γ(γν)γ
β = ηµνδα
β + εµνλ(γ
λ)α
β. (C.2)
We also define εµνλ = −εµνλ. So εµνλερνλ = −2δµρ. We raise and lower spinor indices
with an antisymmetric matrix ǫαβ = −ǫαβ, with ǫ12 = −1. For example, ψα = ǫαβψβ
and γµαβ = ǫβγ(γ
µ)α
γ , where ψβ is a Majorana spinor. Notice that γ
µ
αβ = (l,−σ3, σ1) are
symmetric in αβ. A vector can be represented by a symmetric bispinor and vice versa:
Aαβ = Aµγ
µ
αβ , Aµ = −
1
2
γαβµ Aαβ . (C.3)
We use the following spinor summation convention:
ψχ = ψαχα, ψγµχ = ψ
α(γµ)α
βχβ, (C.4)
where ψ and χ are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz
transformation reads
(λχ)ψ = −1
2
(λψ)χ− 1
2
(λγνψ)γ
νχ. (C.5)
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C.2 SU(2)× SU(2) Identities
We define the 4 sigma matrices as
σaA
B˙ = (σ1, σ2, σ3, il), (C.6)
by which one can establish a connection between the SU(2) × SU(2) and SO(4) group.
These sigma matrices satisfy the following Clifford algebra:
σaA
C˙σb†C˙
B + σbA
C˙σa†C˙
B = 2δabδA
B, (C.7)
σa†A˙
CσbC
B˙ + σb†A˙
CσaC
B˙ = 2δabδA˙
B˙ . (C.8)
We use anti-symmetric matrices
ǫAB = −ǫAB =
(
0 −1
1 0
)
and ǫA˙B˙ = −ǫA˙B˙ =
(
0 1
−1 0
)
(C.9)
to raise or lower un-dotted and dotted indices, respectively. For example, σa†A˙B =
ǫA˙B˙σa†B˙
B and σaBA˙ = ǫBCσaC
A˙. The sigma matrix σa satisfies a reality condition
σa†A˙
B = −ǫBCǫA˙B˙σaCB˙ , or σa†A˙B = −σaBA˙. (C.10)
The antisymmetric matrix ǫAB satisfies an important identity
ǫABǫ
CD = −(δACδBD − δADδBC), (C.11)
and ǫA˙B˙ satisfies a similar identity.
The parameter for the N = 4 supersymmetry transformations is defined as ǫAB˙ =
ǫaσ
aAB˙ .
D. The Commutation Relations of Superalgebras
These commutation relations of superalgebras are adopted from our previous paper [13].
D.1 U(M |N)
The commutation relations of U(M |N) are given by
[Mu¯
v¯,Mw¯
t¯] = δw¯
v¯Mu¯
t¯ − δu¯t¯Mw¯ v¯, [Mi′ j′ ,Mk′ l′ ] = δk′ j′Mi′ l′ − δi′ l′Mk′ j′
[Mu¯
v¯, Qw¯
k′ ] = δw¯
v¯Qu¯
k′ , [Mu¯
v¯, Q¯k′
w¯] = −δu¯w¯Q¯k′ v¯,
[Mi′
j′, Qw¯
k′ ] = −δi′k′Qw¯j′ , [Mi′ j′ , Q¯k′ w¯] = δk′ j′Q¯i′ w¯
{Qu¯i′ , Q¯j′ v¯} = k(δj′ i′Mu¯v¯ + δu¯v¯Mj′ i′), (D.1)
where Qu¯
i′ carries a U(M) fundamental index u¯ = 1, · · · ,M and a U(N) anti-fundamental
index i′ = 1, · · · , N . Here we have
Qa′ =
(
Q¯i′
u¯
−Qu¯i′
)
= Q¯i′
u¯δ1α −Qu¯i′δ2α, (D.2)
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In the second equation of (D.2), we have introduced a “spin up” spinor χ1α and a “spin
down” spinor χ2α, i.e.,
5
χ1α =
(
1
0
)
= δ1α and χ2α =
(
0
1
)
= δ2α. (D.3)
And the anti-symmetric tensor ωab and its inverse read
ωa′b′ =
(
0 δv¯
u¯δi′
j′
−δv¯ u¯δi′ j′ 0
)
, ωb
′c′ =
(
0 −δj′k′δw¯ v¯
δj′
k′δw¯
v¯ 0
)
. (D.4)
With (D.2) and (D.4), the superalgebra (D.1) takes the form of (B.1) or (B.2).
D.2 OSp(M |2N)
The super Lie algebra OSp(M |2N) reads
[Mi¯j¯,Mk¯l¯] = δj¯k¯Mi¯l¯ − δ¯ik¯Mj¯l¯ + δ¯il¯Mj¯k¯ − δj¯ l¯Mi¯k¯,
[Miˆjˆ,Mkˆlˆ] = ωjˆkˆMiˆlˆ + ωiˆkˆMjˆ lˆ + ωiˆlˆMjˆkˆ + ωjˆlˆMiˆkˆ,
[Mi¯j¯, Qk¯kˆ] = δj¯k¯Qi¯kˆ − δ¯ik¯Qj¯kˆ,
[Miˆjˆ, Qk¯kˆ] = ωjˆkˆQk¯iˆ + ωiˆkˆQk¯jˆ ,
{Q
i¯ˆi
, Q
j¯jˆ
} = k(ω
iˆjˆ
Mi¯j¯ + δ¯ij¯Miˆjˆ), (D.5)
where i¯ = 1, · · · ,M is an SO(M) fundamental index, and iˆ = 1, · · · , 2N an Sp(2N)
fundamental index. Here we have
Qa = Qi¯ˆi and ωab = ωi¯ˆi,j¯jˆ = δ¯ij¯ωiˆjˆ. (D.6)
Now the superalgebra (D.2) also takes the form of (B.1) or (B.2).
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